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ABSTRACT 
Experiments were carried out to study the deformation behavior of Al-4%Cu binary alloy. 

Cast billets with 4%Cu by weight were upset at room temperature. Lubrication and aspect ratio 

(H0/D0) were studied as process parameters. Results show reduced barreling with lubrication. Micro 

hardness tests revealed a non uniform deformation with in the specimen. Micro structural features 

support the non uniformity in deformation from both axial and transverse direction. A 4 mm square 

grid, marked at the equatorial surface of sample, and deformation was studied by using an integrated 
PC based video recording system. Finite element analysis of deformation behavior of cold upsetting 

process was carried out in both dry and lubricated conditions with aspect ratios of 1.0 and 1.5. Rigid-

flexible contact analysis was performed for the forming process. The comparison of various stress 

values obtained after 50% deformation from finite element analysis and measurement of grids using 

vision system were in close range. 
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1. Introduction  

Copper is one of the most important alloying 

elements for aluminum, because of its appreciable 

solubility and strengthening effect. Many commercial 

alloys contain copper as the major addition or the 

principal alloying element up to 10%.  The typical 
applications of Al-Cu alloys are aircraft structures, 

rivets, hardware, truck wheels and screw-machine 

products [1]. 
 

Stresses in most of the metal forming 

processes, such as cold heading, riveting etc. are 

compressive in nature. Upset test at room temperature 

gives a representative behavior during metal forming 

[2-4]. Friction and lubrication affect the detailed 

material flow and the deformation characteristics of the 

work piece, the wear and fatigue failure of the tool, and 

the mechanical properties of the formed parts. Reduced 
friction lessens the stresses induced in the forming tool 

and prevent direct tool and work piece contact, 

contributing to longer tool life and better quality 

control [5-9]. Ring test, developed by Male and 

Cockcroft [10], has the greatest capability for 

quantitatively measuring friction under normal 

processing conditions.  

 

 

Adoption of vision system to analyze the flow 

behavior of materials during upsetting has been 
proposed in the present work.  The advantage of this 

method is that the experiment need not be 

intermittently stopped after certain deformation to 

measure the strains from grid.  When the experiment is 

stopped intermittently, elastic deflections in specimen 

and tooling may be relieved causing inaccuracies in the 

next step of deformation.  By use of vision system, the 

experiment need not be stopped during deformation 

process. The measurements and analysis can be done 

offline later. Surface strain data can be used effectively 

to diagnose production problems, and identify potential 
failure sites [11].  The non-contact and non-destructive 

methods can represent a real advancement for 

displacement, stress, strain and interfacial friction 

measurements. Control of these parameters may thus 

be exercised to understand the conditions favorable for 

enhanced deformation. 

Present investigation makes an attempt to 

study the deformation behavior of cast Aluminum-4% 

Copper binary alloy in homogenized condition during 

upsetting at room temperature using vision system. 

Aspect ratio and friction at contact surfaces were 

studied as process parameters.    
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2. Experimental Work  
 

Al - 4%Cu alloy by weight was cast into 180 

mm X 18 mm Ф cylindrical fingers and 200 mm X 60 

mm Ф ingots. Cast ingots were homogenized at 3000C 

for 24 hrs. Ring compression tests were conducted to 

determine the friction factor ‘m’ for a given set of flat 

platens. Standard ring compression samples of Outside 
Diameter (OD): Inside Diameter (ID): Height (H) = 6: 

3: 2 (48: 24: 16 mm) prepared from ingots, were 

deformed at ram speed of 0.25 mm / sec.  

Cylindrical specimens of 16 mm Ф with H0 / 

D0 ratios of 1.0 and 1.5 were machined. Specimen 

edges were chamfered to minimize folding.  Concentric 

v- grooves of 0.5 mm deep were made on the flat 

surfaces to retain lubricant (vacuum grease) film during 

compression. Samples were upset by placing between 

the flat platens at a constant cross head speed of 0.5 

mm/min in both dry and lubricated conditions, using a 

computer controlled servo hydraulic 100T universal 
testing machine. Fig. 1 shows the experimental set up 

of PC based on line video recording system for grid   

measurement during upsetting on 100t computer 

controlled servo hydraulic UTM. 

 
 

 

Fig. 1 Experimental Set Up  

 
 

Hardness measurements were made on axial 

faces along the roll direction and normal direction from 

center to bulging end and top to center at an interval of 

2 mm with 25 Pascal load (Fig. 2). 

 

 
 

Fig. 2 Scheme of Micro Hardness Measurement for 

Roll and Normal Direction in a Quarter Part of 

Deformed Specimen 
 

Image analyzer, (Olympus C 5060 G X 4) was 
used to study and record the microstructures. A PC 

based system with a video camera (integrated digitizing 

capacity, 256 color full depth 640 x 480 pixels 

resolution, 20 frames per second shutter speed, 

mounted with a magnifying lens), was used to record 

the images of the upsetting process.  A 4 x 4 mm 

square grid was marked at mid height of the specimen.  

Online video images of grid were recorded during the 

upsetting process till 50% deformation. Grid distortions 

were analyzed offline. Images were selected at a 

deformation step of 5% using the software, animation 

shop 3.0 and are exported to paint shop pro 7.0 for 
further processing to get the enhanced noiseless images 

of high clarity. 

 

3. Results and Discussion 

3.1 Friction factor 
The decrease in internal diameter of the ring 

compression test was plotted against deformation on 

Male and Cockcroft [10] calibration curve in 

increments of 10% deformation. From ring 

compression tests the friction factor ‘m’ for in dry 

condition was equal to 0.6 and that in lubricated (with 

vacuum grease) condition was equal to 0.3 when fit 

into these calibration curves with the given set of dies 

(same flat platens which were used for upset tests).   

The end face of a dry specimen after 
deformation had a polished finish, while, lubricated 

specimen had a matt finish as shown in Fig. 3. This 

phenomenon indicates a low value of the coefficient of 

friction in lubricated condition. Similar results were 

observed in the works of Butler [12-14] and Tanaka et 

al. [15].   

 

   
(a) (b) (c) 

 

 

Fig. 3 Ring Test Specimens (a) Undeformed (b) 50% 

Deformed Lubricated (c) 50% Deformed 

Unlubricated 
 

3.2 Barreling studies 
The folding of material from the sides 

increased with increase in friction and decrease in 

original aspect ratio [16].  Kulkarni et al. [17] reported 

that the profile of the barreled surface is approximately 

an arc of a circle.  The radius of curvature or radius of 

circle, Rc is plotted as a function of percent reduction in 

height and as a function of friction conditions for two 

aspect ratios, Fig. 4.   
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(a) (b) 
 

 

Fig. 4 Reduction in Radius of Curvature (Rc) as a 

Function of Deformation in Lubricated and Dry 

Conditions for Al–4Cu alloy (a) H0/D0= 1.0,           

(b) H0/D0= 1.5 
 

The value of Rc found to be decreasing with 

increasing deformation. Rc values were found to be 

smaller in dry condition compared to lubricated 

condition.  

Three zones seem to be formed in upsetting 

due to inhomogeneous deformation as shown in Fig. 5. 

Most of the deformation takes place in zone II (center 

of the specimen) which causes some deformation in 

zone III (free end of the specimen).  The material in 
zone I (specimen and die interface) behaves like a rigid 

cone penetrating the rest of the specimen Elaborate 

study of micro hardness distribution and 

microstructures revealed that the extent of deformation 

(or grain distortion) within the specimen at different 

locations were different as shown in Fig. 5. It was 

observed that the variation in the extent of deformation 

was higher in dry condition compared to lubricated 

condition.  It was also evident that the grain distortion 

was more severe in the specimens with lower aspect 

ratio (1.0) compared to high aspect ratio (1.5) for given 

material.  Under the same conditions of frictional 
constraint and aspect ratio, the severity of grain 

distortion was minimum at the work-die interface near 

the loading axis.   At the center of the specimen near 

the loading axis the deformation was maximum, and 

the moderate deformation was observed at the bulge 

i.e. at free end. 

 
 

 
 Fig. 5 Three Zones of Different Deformation Levels 

 

 

 

3.3 Microhardness studies 
The mechanical properties of the forging in 

terms of hardness distribution are illustrated in the               

Fig. 6. The high friction i.e. dry specimen showed the 

greatest inhomogeneity. The hardness gradient across 

the specimen reduced as the friction decreased, 

revealing a much more homogeneous structure. 

Theoretically, with zero friction   there should be 

completely uniform deformation. The above results are 

similar to the works of Hughes et al. [18]. 
 
 

  
(a) (b) 

  
(c) (d) 

 

Fig. 6 Bulge Profile with Hardness Distribution at 

50% Deformation for Al-4 Cu alloy (a) H0/D0=1.0 

Lub, (b) H0/D0=1.0 Unlub, (c) H0/D0=1.5 Lub,        

(d) H0/D0=1.5 Unlub. 

(The numbers inside the specimen profiles indicate 
Vickers micro hardness) 

 

3.4 Microstructural evaluation 
The microstructures of Al-4Cu alloy in as cast 

and homogenized condition at 3000C for 24 hrs were 

presented (Fig. 7a), the partial dissolution of Cu and 

dispersion of the second phase (CuAl2) particles which 

were segregated at dendritic arms [19, 20].  The 

presence of second phase particles in the continuous 

matrix phase (containing small amount of copper 

dissolved in aluminium) resulted in localized internal 
stresses which modify the plastic properties to a great 

extent [21, 22].  

Fig. 7b shows the deformation at the die 

interface (zone I). The structure shows that a little 

amount of deformation has occurred which may be 

attributed to friction at the die /work piece interface.  

Away from the interface, i.e. at the center of the 

specimen the deformation is more or less uniform, 

figure 7c (zone II).  At the bulge end the microstructure 

shows more pancaking, Fig. 7d (zone III), Structure 

also revealed skewing i.e. deformation at the angle of 

15-300   to the roll direction.  
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(a) (b) 

  
(c) (d) 

 

 

Fig. 7 Al-4Cu alloy (200 X)  (a) As Cast Condition 

(b) Zone I (c) Zone II (d) Zone III 
 

3.5 Flow curve 

Fig. 8 (a) shows the representative plot of    

vs    generated from the upsetting test data carried out 

at slow speed with H0/D0 = 1.0 using mirror finished 

dies.  This data was treated to be material property 

[23]. This curve was fit into Holloman power law 

[24],
nK )(  , resulted the flow curve equations 

as 
31.0)(288    for Al-4Cu alloy. This value of K 

and n were close to the results of Estrin, Kocks and 

Mecking et al. [25-27].  
 
 

 
 

 

Fig. 8 True Stress vs True Plastic Strain for Al-4Cu 

Alloy 

 

3.6 Experimental strain and stress 
analysis using vision System  

Surface strains, axial strain (  ) and 

circumferential strain ( z ) were evaluated for the 

geometric mid-sectional grid of the specimens (Fig. 9) 

and the results were plotted in Fig. 10.  Homogeneous 

deformation corresponds to ideal condition, that is, 

deformation without friction or barreling with a 

constant slope of  / z = - 0.5.  The strain paths for 

H0/D0 =1.0 in dry conditions were much steeper than 

H0/D0 =1.0 in lubricated conditions.  Similar trend was 

evidenced for H0/D0=1.5, but the deviations from 

homogeneous were less compared to H0/D0=1.0.  

The line with a slope  / z = -0.5 on   vs 

z  plot and which intersects the ordinates at   0.3 

is an estimate of a fracture line upsetting test performed 

on circular cylinders [28].  Though the intercept 0.3 on 

the ordinate may be approximately correct for steels, 
but may differ for material to material.  Brownrigg et al 

[29] and H.A. Kuhn et al [30] reported these values of 

intercepts as 0.29, 0.32, and 0.18 for the 1045 steel, 

1020 steel and 303 stainless steel respectively.  In the 

present work these intercept value was observed to be 

0.18 for Al-4Cu alloy.  

The strain paths obtained from cylindrical 

specimens with aspect ratios 1.0 and 1.5 deviated from 

the slope -0.5, which represents the homogeneous 

deformation.  It is interesting to note that all strain 

paths obtained from different specimens exhibited 

nonlinearity from the beginning to the end of the strain 
path.  It was also observed that the slope at a point on 

the strain path increases as that point moves toward the 

end of the strain path or the fracture point. This means 

that at the fracture point, the incremental axial strain 

component was almost zero, while incremental 

circumferential strain component was very high. This 

change in the slope of the strain path has a great effect 

on the stress state at the surface of the specimen. The 

curve fitting technique was used (since the scatter in 

the experimental data for axial and circumferential 

strains) to obtain a smooth relationship between the 
axial strain and circumferential strain. This relationship 

represents the equations of the strain paths. Some of 

these equations for four strain paths obtained from 

different specimens are given in Appendix A. The ends 

of the strain paths represent the fracture points.  Joining 

all the fracture points on all strain paths gives the 

workability limit for the alloy considered. 

 
 

 
 

(a) (b) 
 

Fig. 9 Images of Grids Drawn at Equatorial Plane   

(a) Before Deformation and (b) After 50% 

Deformation 
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Fig. 10 Circumferential Strain (  ) as a Function of 

Axial Strain ( z ) at the Equatorial Free Surface 
 

The knowledge of the experimental plastic 

strain history allows the experimental evaluation of 

stress components with the undergoing deformation 

(Appendix B).  The magnitude of the free surface stress 

components for various test conditions were plotted 

against effective strains which were shown given in 
Fig. 11. In an idealized situation of uniaxial 

compression, the hoop stress (  ), was zero and the 

axial stress ( z ) was equal to the yield stress, ( ).  

Under this condition the hydrostatic component of the 

stress, ( H = Z /3) would always be compressive; a 

state of instability will never occur in homogeneous 

deformation.  

Hence according to an instability theory of 

fracture, ductile fracture will never occur in 

homogenous deformation.  On the other hand if the 

friction between the specimen and platens is more the 

deformation becomes non-uniform as a result of which, 

the barrel gets developed.  The value of   was non 

zero and H  becomes less compressive and in some 

cases tensile. The present results referring to Fig. 11 

show that with the increasing friction constraint that 

  increasingly tensile with continued deformation. 

The   increased monotonically with 

continued deformation. The increase in its value was 

found to be more in case of dry specimens compared to 

the lubricated samples. On the other hand the z  

increased in the very initial stages of deformation but 

started becoming less compressive immediately as 

barreling developed.  For unfractured specimens z  

was always compressive.  However for the specimens 

where surface fracture occurred both z  and H  

stress components became less and less compressive as 

deformation progressed and became tensile.  

The hydrostatic stress involves only pure 
tension or compression and yield stress is independent 

of it.  But fracture strain is strongly influenced by 

hydrostatic stress [31, 32].  As the hydrostatic stress 

becomes more and more tensile, a state of tensile 

instability will occur.    In case of all the binary alloys 

due to presence of large portion of second phase 

particles, the post instability strain to fracture was 

small. Similar results were found with the experimental 

works of Edelson and Baldwin [33]. However this post 

instability strain to fracture can be increased by 

changing the microstructure via proper heat treatment 

as it is influenced by the grain size and inter particle 
distance. Such study is beyond the scope of present 

work. 

 

 
(a) 

 

 
(b) 

 

Fig. 11 Stress Components  , z  and H  as a 

Function of Effective Strain   for   Al– 4Cu Alloy 

(a) H0/D0 = 1.0, (b) H0/D0 = 1.5 

 

3.7 Finite element modeling 
Finite element analysis of deformation 

behavior of cold upsetting process was carried out in 

both dry and lubricated conditions with aspect ratios of 

1.0 and 1.5. Since computers with high computational 

speed are now available in the market at relatively 

cheaper cost, the time of computation is not a major 

constraint for solving the problems of small sized 3-D 

models. Further, the tetrahedral elements can easily be 
accommodated in any shape and do not cause too much 

of distortion during deformation [34]. This reduces the 

number of iterations and steps to be solved. Owing to 
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these facts the present problem is solved using 3-D 
model. The analysis can also be extended to non 

axisymmetric problems using a full 3-D model. 

However, 2-D axisymmetric model is definitely 

advantageous for lower geometrical models in terms of 

computational times.  In the present analysis, quarter 

portion of 3-D model is considered with symmetric 

boundary conditions.  

Rigid-flexible contact analysis was performed 

for the forming process.  For such analysis, rigid tools 

need not be meshed.  The billet geometry was meshed 

with 10-node tetrahedral elements (solid 92 in ANSYS 

Library).  Element size was selected on the basis of 
convergence criteria and computational time.  Too 

coarse a mesh may never converge and too fine a mesh 

requires long computational time without much 

improvement in accuracy. The program will continue 

to perform equilibrium iterations until the convergence 

criteria are satisfied. It will check for force 

convergence by comparing the square root of sum of 

the squares (SRSS) of the force imbalances against the 

product of the SRSS of the applied loads with a 

tolerance set to 0.005. Since the tolerance value in the 

program is set to 0.5%, the solution will converge, only 
if the out of balance force is very small leading to more 

accurate results.  

Material models selected were based on the 

properties of the tooling and billet materials.  Due to 

high structural rigidity of the tooling, only the 

following elastic properties of tooling (H13 steel) were 

assigned assuming the material to be isotropic [35]. 

Young’s Modulus E = 210 GPa and Poisson’s ratio υ = 

0.30. As the nature of loading is non-cyclic, 

Bauschinger effect could be neglected and the non-

linear data was approximated to piecewise multi linear 

with 10 data points.  The material was assumed to 
follow the Isotropic hardening flow rule.  Suitable 

elastic properties were also assigned for the material 

chosen for analysis.  As the experiments were 

conducted at room temperature, the material behavior 

was assumed to be insensitive to rate of deformation 

[36-38].  

A 3-D, 8-noded, higher-order quadrilateral 

element CONTA 174 (of ANSYS library) that can be 

located on the 3-D solid or shell elements with mid 

side nodes is used.  It can be degenerated to 3-7 node 

quadrilateral/triangular shapes.  Contact surface was 
meshed with CONTA 174. TARGE 170 (of ANSYS 

library) is used to represent various 3-D target surfaces 

for the associated contact elements. The contact 

elements themselves overlay the solid elements 

describing the boundary of a deformable body that is 

potentially in contact with the rigid target surface, 

defined by TARGE 170 [39].  Hence a target is simply 

a geometric entity in space that senses and responds 
when one or more contact elements move into a target 

segment element.    

 

3.8 Validation of FEA results 
Fig. 12 shows the specimen after 50% 

deformation.  There was zero friction at metal-die 

contact and no apparent bulging, the deformation can 

be treated as homogeneous, Fig. 12 (a).  The variation 

in the values of radial diameter at 50% deformation 

obtained from finite element analysis and calculated 

values from volume constancy condition was 2.57 % 

(max) as shown in table I. This small variation may be 
neglected in non linear finite element analysis such as 

in large deformation / metal forming applications.   

 The increase in barreling was observed with 

increasing friction for aspect ratio of 1.0, Fig. 12 (b).  

Conical friction hills containing relatively undeformed 

zones were being observed as conical portions in both 

the cases, with the apex of cone on the axis.  It was also 

observed that the extent of barreling decreased with 

increase in aspect ratio. The geometrical models (with 

aspect ratios 1.0 and 1.5) at 50% deformation were 

shown in figures 13 (a) and (b) respectively with node 
numbers displayed. During meshing, the element edge 

length was taken as 2 mm. The node number 169 for 

H0/D0 = 1.0 and node number 181 for H0/D0 = 1.5 

respectively in geometric model corresponds to one of 

the grid corners drawn at mid plane of the upset 

sample. The stresses at these nodes were compared 

with the calculated values from the strains measured 

from grid distortions. The circumferential, axial and 

hydrostatic stresses after each step at these nodes were 

close to the calculated values from grid distortion using 

Machine Vision system. The results for last step i.e. at 

50% deformation were tabulated in table II for the 
alloy under investigation. The profiles of 

circumferential, axial and hydrostatic stresses after 

50% deformation for aspect ratio of 1.0 and 1.5 in 

lubricated and unlubricated conditions were shown in 

Fig. 14 and 15 respectively.  

 
 

  
(a) (b) 

 

Fig. 12 (a) Zero Friction, (b) Unlubricated 

50% Deformation, H0/D0 = 1.0 
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(a) (b) 

 

Fig. 13 Showing the Node Numbers for Geometrical 

Model at 50% Deformation  

(a) H0/D0 = 1.0, (b) H0/D0 = 1.5 

 

  
(a) (b) 

 

Fig. 14 (a) Hydrostatic Stress (Lubricated) 

(b) Hydrostatic Stress (Unlubricated).  (H0/D0 = 1.0) 

 

 

Table 1: Variation between Values of Radial 

Diameter after 50% Deformation at Different 

Friction Condition 

Condition Diameter 

obtained from 

analytical 

calculations, 

mm 

Measured 

diameter 

from  FEA, 

mm 

% of  

Variation 

H/D=1.0 

 (m=0) 
16 X 2  = 

22.628  

(Assuming  

volume  
constancy) 

16+ 2 X 

3.234 = 

22.468   

(Fig. 12a) 
0.71 

H/D=1.0  

Lub 
(m=0.3) 

23.13 
23.31 

(Fig. 14a) 
0.78 

H/D=1.0  

Unlub 
(m=0.6) 

23.16 
22.67 

(Fig. 14b) 
2.11 

H/D=1.5 

 Lub 
(m=0.3) 

22.96 
23.55 
(Fig. 15a) 

2.57 

H/D=1.5  

Unlub 
(m=0.6) 

23.31 
23.03 

(Fig. 15b) 
1.2 

Lub – Lubricated; Unlub – Un-lubricated 
 

 
 

(a) (b) 

 

Fig. 15 (a) Hydrostatic Stress (Lubricated)            

(b) Hydrostatic Stress (Unlubricated). (HO/DO = 1.5) 

 

Table 2:  Various Stress Components at 50% 

Deformation Obtained From Finite Element   

Analysis (Numbers inside the Parenthesis Indicate 

the Experimental Values) 
 

Stress, MPa  

    
z  

H  

Condition  

  
Lub Dry Lub Dry Lub Dry 

H0/D0=1.0 
167 

 (166) 
231 

 (233) 
-68 

 (-76) 
51  

(51) 
30  

(30) 
94  
(95) 

H0/D0=1.5 
153 

 (145) 

183 

 (178) 

-102 

 (-113) 

-60  

(-72) 

13  

(11) 

37 

 (35) 

 

 

4. Conclusions 
 

i. The reduction in friction factor (m) from 0.6 

to 0.3 was observed due to lubrication.   

 

ii. Higher aspect ratio (H0/D0=1.5) with 

lubrication reduced barreling. This was 

evidenced by more uniform hardness 

distribution in the specimen cross section and 

microstructural evaluation of lubricated 

samples. 

 
iii. The initial aspect ratio has considerable effect 

on barreling. The extent of deformation was 

more or less uniform for higher aspect ratio 

(H0/D0=1.5) as visualized from micro 

hardness and microstructural observations.  

 

iv. Near the bulge end the microstructure 

revealed the pancacking.  

 

v. Vision system allowed the reduction in 

experimental efforts for strain and stress 

analysis. Further it is noteworthy that 
continuous deformation helped in eliminating 

the elastic deflections of upsetting equipment 

leading to more accurate results. 
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vi. From the stress analysis results it is imperative 

that the high friction (0.6) and low aspect ratio 

(H0/D0=1.0) is the worst condition of 

barreling. This causes hydrostatic stress at mid 

plane of the cylindrical upset specimen to be 

tensile leading to instability there by reducing 

formability characteristics.   

  

vii. The accuracy of FEA results depends on the 

accuracy of the input data (true stress-true 

strain behavior and friction factor obtained 

from the experiments) and friction model used 
in the analysis. 

 

Appendix A: Experimental Strain Path 
Equations 

 

Equations obtained by the best fit technique for the 

experimental strain components of different strain 
paths were tested by compression.  

 

 

S No Condition Strain Path Equation 

1.  
H0/D0=1.0,  

Lubricated 

ε θ = 1.9166 εz
 3 + 1.8251 εz

 2 

 – 0.3132 εz
  

2.  
H0/D0=1.0,  

Unlubricated 

ε θ = 1.7263 εz
 3 + 1.6865 εz

 2 

 – 0.4508 εz
  

3.  
H0/D0=1.5,  

Lubricated 

ε θ = -0.2755 εz
 3 – 0.5698 εz

 2 

 – 0.4031 εz
  

4.  
H0/D0=1.5,  

Unlubricated 

ε θ = -0.0836 εz
 3 + 0.5945 εz

 2  

– 0.4124 εz
  

 

Appendix B: Stress Components as a 
Function of the Slope of the Strain 
Path (α) 
 

 

The Levy-von Mises yield criterion can be written in 

terms of principal stresses as 
 

   =  23J  =   [
2

 + 
2

z - z ]
2/1

                   (1) 

 
 

Because the transverse stress component r  

is zero on the free surface.  Here J 2  is the second 

invariant of the stress deviator. The plastic strain 

increment at any instant of loading is proportional to 

the instantaneous stress deviator, according to the 

Levy-Von Mises stress strain relationship:   i.e.  

 
 

d ij    = ij ' d                                 (2) 

 

Where d  is non negative constant which may vary 

throughout the loading history. 

For r = 0, equation (2) yields 
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Where 
zd

d




   is a parameter which can be 

determined by experimental measurements of the ratio 

of the principal strain components in the   and Z 

directions on the free surface of the specimen, Fig. 9. 

Substituting equations (3) and (1) gives the following 

expression for   and z . 
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And  


















2

21
z                          (5) 

 

By convention, compressive stresses are 

negative, thus the lower sign in equation (4) is used in 

evaluating z .     denotes the effective flow stress for 

an isotropic material for the appropriate effective strain 

  at the free surface. 

In terms of the principal strain increments, 

 

               2/122

3

2
zz ddddd                (6)  

 

Where, the incompressibility condition 

0 zr ddd      has been used. 

 

The effective strain at the free surface from 

equation (6) is given by, 

 

  =  
z

d



0

 =  
3

2
   zd

z


 2/1

0

21                (7) 

 

Where, the integration can be performed along 

the strain path provided the principal axes of the strain 

increment do not rotate relative to element. 

The equations (4),(5)  and (7), will enable us 

to calculate the stresses and effective strains on the 

geometric centre of the bulge surface (shown in Fig. 

9(b)) and are identical to the equations derived by 

Kudo and Aoi  and David et al [40, 41].  Theoretically, 

  may take any value between -  and +  but there 

is no real value of   for which  or z would 

increase with out bounds. In the present experimental 

situation the range of  is limited to -2 to -1/2. As   
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increases, the tensile stress   increases but the 

hydrostatic stress    H  =  z  /3, becomes more 

and tensile which leads to a higher probability of 
fracture. 
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Nomenclature 

Symbol Meaning 

H0 Initial height of the cylindrical sample 

D0 Initial diameter of the cylindrical sample 

H0 / D0 Aspect ratio 

h0 Original height of the square grid  

hi Current height of the square grid 

w0 Original width of the square grid  

wi Current width of the square grid  

K Strength coefficient 

n Strain- hardening exponent 

α Strain ratio (slope of the strain path) 

εz Axial strain 

εθ Circumferential strain 

  Effective strain 

  Effective stress 

σr Radial stress component 

σz Axial stress component 

σθ Circumferential stress component 

σH Hydrostatic stress [(σr + σθ + σz)/3] 
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